A partition identity  by Hwang, F.K. & Wei, V.K.
Discrete Mathematics 46 (1983) 323-326 
North-Holiand 
NOTE 
A P-ON IDEM’ITY 
F.K. WANG and V.K. WI 
Received 12 October 1982 
Let n,+n*+* l ‘flfm = n where the q’s are integers (possibly negative or greater than n). 
Let p=(k,,..., k& where kl + k2 + l . . + k,,, = k, be a partition of the nonnegative integer k 
into m nonnegative integers and let P denote the set of all such partitions. For m 22, we prove 
the combinatorial identity 
which implies the surprising result that the left side of the above equation depends on n but not 
on the n,‘s. 
Let nl, n2,. . . , n,,, be m integers whose sum is n (q can be negative or greater 
than n). Let P be the set of partitions p = (ka, k2,. . . , It,,,) of a nonnegative 
integer k into m nonnegative parts kl, k2, . . . . 1~. Define 
Fh, 42,. . . , n,,,, k)= c fi (“l+;-“>, 
peP i=l i 
using the standard conventions that for positive integers u and 6, 
(-$(-l)b(a+~-l), (_:)= (_“b)= (i)=O, and c)=L 
(Recall also that Pascal’s identity 
holds for all integers x and y. However the identity 
is no longer true if x is negative.) We prove the surprising result that 
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I;(&, n2, - l ’ 9 r~,,,, k) depends only on n, M, and k but not on the 4’s. More 
specifically, define 
f(n,m,k)= c (i’,“,‘)(“+;-;j-2q. 
j&l I- 
- 
We prove 
F(nl, n2,. . . , h, k) =f(n, m, k) for m 22. 
Kaplansky [l] proved that for 0~ k s n 
r+Fk) 
is the number of ways of selecting k balls from a sequence of n balls without two 
selected ones being consecutive Therefore if the 4’s are all positive and P’ is the 
set of partitions of k into m nonnegative integers with h s PQ for all i, then 
F(n,, n2r - - -, n,,,k)= c fi (“‘:-“) 
PEP’ i=l 
is the number of ways of selecting k balls from m disjoint sequences of 
fll, n2, * - l l n, balls., respectively, without two selected ones being consecutive. 
Lef [A j ([xl) denote the largest (smallest) integer not greater (less) than X. 
Recently, Konvalina [2] proved that 
F’([$n]. [fnl, k)=f(n,2, k), Osk+. 
Konvalina actually showed that f(n, 2, k) is the number of ways of selecting aC 
balls from a sequence of n balls without two selected ones being separated by 
exactly one ball. By treating the odd positions as one sequence and the even 
positions as another, it is easily seen that this number is in fact F’( tin], [&I, k). 
Note that for 0~ k ~$n, necessarily kl s &j, k2 G [#nl in any partition of k 
into two parts k, and k2. Therefore P’ =I P and 
3, The main result 
We prove 
Theorem. F(n,, n2,. . .,q,8,k)=f(rr,m,k) farma. 
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Rumf. We first prove the Theorem <for the case m = 2. We derive two recursive 
equations. 
ao z x( n,+l-i n,+l-k+i = F(n,, n2, W. i=O i )( k-i 
Similarly, we can show 
F(nI-l,nz,k)+F(nr-2,n2, k-1)=F(nl,n2, k). 
We now use these two recursive equations to prove 
n2, k) F(nl + n2- 1, 
Note that 
n2, M-F(n,+ n2- 1, 
=F(n,,n2-1,k)+F(nI,n2-2,k-1) 
-F(n,,n,-l,k)-F(n,-l,nz--l,k-1) 
= -[F(nl - 1, n2-1, k-1)-F(n,, n2-2, k-l)]. 
Kepeating this operation we obtain 
F(nl, n2, k)-F(nI+ 1, n2-- 1, k) 
= (-l)“[F(n, - k,n2-k,O)-F(nI-k+l, n2-k-1,0)] 
= (-l)k(l - a) = 0. 
Therefore F(nl, n2, k) depends only on n but not on n1 and n2. We assume 
without loss of generality that 
F(nl, n2, k) = F(l~nJ, [inI, 0 
We now prove 
F(l$l , W = ZO 
This is true 0~ k <in due to the Lemma given in Section 2. We 
prove the general case by induction on 2k - n. Assume that the equality is true for 
all k and n 
F(lid %d, k) 
beginning of the 
F(l_$l! 
1 
satisfying 2k - n 6 x - 1 where x 2 1. We now consider 
for 2k - n = x. Using the recursive equation derived at the 
proof, we obtain 
[$],k)=F(un]. [$r]+l,k)--F(un], [$r]--l,k-1) 
=f(n+l,2, k)-f(n-1,2, k-l) 
c K 
n+2-k-2j 
) ( 
n-U--k-2j = 
ja0 k-2j - k-l-2j 
n-+1-k-2j = 
k-2j 
= f(n, 2,O 
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We have proved the Theorem for m = 2. We now prove the Theorem for m >2 by 
induction on m. 
by using the result for m = 2 
= 
EC iaO 
by making Che transformation i = j + j’ 
= n+~~~_2i)(i’,“_,‘)=f(n, m, k). 
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